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Получена система уравнений, описывающая фазовые превращения первого рода в различных средах с образованием 
газовых пузырьков. В предложенной системе уравнений учтены конвективные слагаемые в пространстве размеров 
пузырьков, которые преобразуют кинетическое уравнение для пузырьков в дивергентную форму с добавлением слагаемого, 
пропорционального функции распределения пузырьков в жидкости. Исследованы стационарные состояния газовых 
пузырьков в жидкости и их автомодельная динамика при уменьшении во времени по степенному закону внешнего 
давления.  
КЛЮЧЕВЫЕ СЛОВА: фазовый переход первого рода, газовые пузырьки, конвективные слагаемые, равновесное 
состояние газовых пузырьков, автомодельная динамика. 
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A system of equations describing the first-order phase transitions in various media with the formation of gas bubbles is obtained. The 
convective terms in the space of bubble size, which convert the kinetic equation for the bubbles in a divergence form, with the 
addition of term proportional to the bubbles distribution function in a liquid is taken into account in the proposed system of 
equations. The steady state of the gas bubbles in the liquid and its self-similar dynamics at a time-decreasing external pressure under 
the power law is investigated. 
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СТАЦІОНАРНІ СТАНИ ТА АВТОМОДЕЛЬНА ДИНАМІКА ГАЗОВИХ ПУХИРЦІВ  
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Отримано систему рівнянь, що описує фазові перетворення першого роду в різних середовищах з утворенням газових 
пухирців. У запропонованій системі рівнянь враховані конвективні доданки в просторі розмірів пухирців, які перетворюють 
кінетичне рівняння для пухирців у дивергентну форму з додаванням доданка, пропорційного функції розподілу пухирців у 
рідині. Досліджено стаціонарні стани газових пухирців у рідині і їх автомодельна динаміка при зменшенні в часі за 
степеневим законом зовнішнього тиску. 
КЛЮЧОВІ СЛОВА: фазовий перехід першого роду, газові пухирці, конвективні доданки, рівноважний стан газових 
пухирців, автомодельна динаміка. 
 
ПОСТАНОВКА ЗАДАЧИ 
Исследование стационарных состояний и автомодельной динамики газовых пузырьков в жидких средах 
при уменьшении внешнего давления непосредственно связано с использованием элементов теории фазовых 
превращений первого рода (превращения, при которых скачкообразно изменяются основные параметры среды, 
например, плотность, количество газовых пузырьков и т. п.). 
Такого рода фазовые превращения имеют место, например, при образовании пор под воздействием 
внешних факторов в твердых растворах [1-4], при образовании новых, не газообразных фаз в процессах 
сверхкритической флюидной экстракции [5].  
При исследовании фазовых превращений первого рода в жидких средах основное значение приобретает 
поиск метода получения фундаментальной системы уравнений, описывающей динамику их основных 
параметров. 
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ɇɟɫɦɨɬɪɹ ɧɚ ɛɨɥɶɲɨɟ ɤɨɥɢɱɟɫɬɜɨ ɧɚɭɱɧɵɯ ɫɬɚɬɟɣ ɢ ɦɨɧɨɝɪɚɮɢɣ, ɩɨɫɜɹɳɟɧɧɵɯ ɜɵɜɨɞɭ ɬɚɤɢɯ ɭɪɚɜɧɟɧɢɣ, ɜ
ɧɚɫɬɨɹɳɟɟ ɜɪɟɦɹ ɜɫɟ ɟɳɟ ɩɪɨɞɨɥɠɚɸɬɫɹ ɢɫɫɥɟɞɨɜɚɧɢɹ ɩɨ ɩɨɢɫɤɭ ɦɟɬɨɞɨɜ ɢɯ ɩɨɥɭɱɟɧɢɹ ɜ ɪɚɡɥɢɱɧɵɯ ɫɪɟɞɚɯ: ɜ
ɠɢɞɤɢɯ ɢɥɢ ɜ ɬɜɟɪɞɵɯ ɪɚɫɬɜɨɪɚɯ (ɫɦ., ɧɚɩɪɢɦɟɪ, [1 - 4] ɢ ɛɢɛɥɢɨɝɪɚɮɢɸ ɤ ɧɢɦ).
ȼ ɩɪɨɫɬɟɣɲɟɦ ɫɥɭɱɚɟ, ɢɫɫɥɟɞɨɜɚɧɢɸ ɩɨɞɥɟɠɢɬ ɞɢɧɚɦɢɤɚ ɩɟɪɟɯɨɞɨɜ ɝɚɡɚ ɢɡ ɨɞɧɨɣ ɮɚɡɵ (ɪɚɫɬɜɨɪɟɧɧɵɣ ɜ
ɠɢɞɤɨɫɬɢ ɝɚɡ) ɜ ɞɪɭɝɭɸ ɮɚɡɭ (ɝɚɡ ɜ ɩɭɡɵɪɶɤɟ ɜ ɠɢɞɤɨɫɬɢ). Ʉɚɤ ɫɥɟɞɭɟɬ ɢɡ ɰɢɬɢɪɨɜɚɧɧɨɣ ɥɢɬɟɪɚɬɭɪɵ [1 - 4], 
ɭɪɚɜɧɟɧɢɹ, ɨɩɢɫɵɜɚɸɳɢɟ ɬɚɤɢɟ ɮɚɡɨɜɵɟ ɩɪɟɜɪɚɳɟɧɢɹ ɩɟɪɜɨɝɨ ɪɨɞɚ, ɫɨɞɟɪɠɚɬ ɤɨɷɮɮɢɰɢɟɧɬɵ, ɤɨɬɨɪɵɟ
ɜɵɪɚɠɚɸɬɫɹ ɱɟɪɟɡ ɩɚɪɚɦɟɬɪɵ ɠɢɞɤɨɫɬɢ ɢ ɪɚɫɬɜɨɪɟɧɧɨɝɨ ɜ ɧɟɣ ɝɚɡɚ. ȼɢɞ ɷɬɢɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɨɩɪɟɞɟɥɟɧ ɪɚɧɟɟ ɢ
ɨɧɢ ɦɨɝɭɬ ɛɵɬɶ ɢɫɩɨɥɶɡɨɜɚɧɵ ɞɥɹ ɩɨɫɬɪɨɟɧɢɹ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɣ ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ, ɨɩɢɫɵɜɚɸɳɟɣ ɢɡɦɟɧɟɧɢɟ
ɜɨ ɜɪɟɦɟɧɢ ɨɫɧɨɜɧɵɯ ɩɚɪɚɦɟɬɪɨɜ ɩɭɡɵɪɶɤɨɜ ɝɚɡɚ, ɪɚɫɬɜɨɪɟɧɧɵɯ ɜ ɠɢɞɤɨɫɬɢ.
Ɉɞɧɚɤɨ, ɜ ɩɨɥɭɱɟɧɧɵɯ ɜ [1 - 4] ɤɢɧɟɬɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɹɯ ɨɤɚɡɚɥɢɫɶ ɧɟɭɱɬɟɧɧɵɦɢ ɤɨɧɜɟɤɬɢɜɧɵɟ ɫɥɚɝɚɟɦɵɟ,
ɤɨɬɨɪɵɟ ɨɩɢɫɵɜɚɸɬ ɞɢɧɚɦɢɤɭ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ɪɚɡɦɟɪɨɜ ɩɭɡɵɪɶɤɨɜ.
Ɉɫɧɨɜɧɨɣ ɰɟɥɶɸ ɧɚɫɬɨɹɳɟɣ ɪɚɛɨɬɵ ɹɜɥɹɟɬɫɹ ɩɨɥɭɱɟɧɢɟ ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ ɞɥɹ ɨɩɢɫɚɧɢɹ ɮɚɡɨɜɵɯ
ɩɪɟɜɪɚɳɟɧɢɣ ɩɟɪɜɨɝɨ ɪɨɞɚ ɜ ɠɢɞɤɢɯ ɫɪɟɞɚɯ ɫ ɨɛɪɚɡɨɜɚɧɢɟɦ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɩɪɢ ɭɱɟɬɟ ɤɨɧɜɟɤɬɢɜɧɵɯ
ɩɪɨɰɟɫɫɨɜ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ɪɚɡɦɟɪɨɜ ɩɭɡɵɪɶɤɨɜ. ɇɟɦɚɥɨɜɚɠɧɨɣ ɰɟɥɶɸ ɞɚɧɧɨɣ ɪɚɛɨɬɵ ɹɜɥɹɟɬɫɹ ɬɚɤɠɟ
ɢɫɩɨɥɶɡɨɜɚɧɢɟ ɩɨɥɭɱɟɧɧɨɣ ɫɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ ɞɥɹ ɨɩɢɫɚɧɢɹ ɫɬɚɰɢɨɧɚɪɧɵɯ ɫɨɫɬɨɹɧɢɣ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ
ɠɢɞɤɨɫɬɢ, ɚ ɬɚɤɠɟ ɚɧɚɥɢɡɚ ɢɯ ɚɜɬɨɦɨɞɟɥɶɧɨɣ ɞɢɧɚɦɢɤɢ ɩɪɢ ɭɦɟɧɶɲɟɧɢɢ ɜɨ ɜɪɟɦɟɧɢ ɜɧɟɲɧɟɝɨ ɞɚɜɥɟɧɢɹ.
ɈɋɇɈȼɇɈȿ ɍɊȺȼɇȿɇɂȿ ȾɂɇȺɆɂɄɂ ȽȺɁɈȼɕɏ ɉɍɁɕɊɖɄɈȼ ȼɀɂȾɄɈɋɌɂ
Ȼɭɞɟɦ ɫɱɢɬɚɬɶ, ɱɬɨ ɪɚɫɩɪɟɞɟɥɟɧɢɟ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɜɹɡɤɢɯ ɠɢɞɤɨɫɬɹɯ ɢ ɪɚɫɩɥɚɜɚɯ ɜ ɞɚɧɧɵɣ ɦɨɦɟɧɬ
ɜɪɟɦɟɧɢ t ɨɩɪɟɞɟɥɹɟɬɫɹ ɮɭɧɤɰɢɟɣ ɪɚɫɩɪɟɞɟɥɟɧɢɹ ( ( ), v( ), ( ), ( ), )f r t t V t N t tG G ɜ ɤɨɬɨɪɨɣ ɩɟɪɟɦɟɧɧɵɦɢ
ɹɜɥɹɸɬɫɹ: ( )r tG ɢ v( )tG - ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɤɨɨɪɞɢɧɚɬɚ ɢ ɫɤɨɪɨɫɬɶ ɩɭɡɵɪɶɤɚ, ɫɨɨɬɧɟɫɟɧɧɵɟ ɫ ɟɝɨ ɝɟɨɦɟɬɪɢɱɟɫɤɢɦ
ɰɟɧɬɪɨɦ; ( )V t  - ɨɛɴɟɦ ɩɭɡɵɪɶɤɚ ɫ ɤɨɨɪɞɢɧɚɬɨɣ ( )r tG ɢ ɫɤɨɪɨɫɬɶɸ v( )tG ; ( )N t  - ɱɢɫɥɨ ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɧɟɦ.
ɉɪɢ ɩɨɥɭɱɟɧɢɢ ɭɪɚɜɧɟɧɢɹ, ɨɩɢɫɵɜɚɸɳɟɝɨ ɞɢɧɚɦɢɤɭ ɮɭɧɤɰɢɢ ɪɚɫɩɪɟɞɟɥɟɧɢɹ ɩɭɡɵɪɶɤɨɜ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ɜɨɫɶɦɢ
ɩɟɪɟɦɟɧɧɵɯ { }( ), v( ), ( ), ( )r t t V t N tG G ɢ ɜɨ ɜɪɟɦɟɧɢ t , ɭɞɨɛɧɨ ɜɜɟɫɬɢ ɛɟɡɪɚɡɦɟɪɧɨɟ ɱɢɫɥɨ 1 0( ) ( )N t V t V= , ɝɞɟ
0V  - ɢɡɦɟɧɟɧɢɟ ɨɛɴɟɦɚ ɩɭɡɵɪɶɤɚ ɡɚ ɜɪɟɦɹ tδ , ɩɪɢɱɟɦ ɩɨɥɚɝɚɟɦ tδ ɧɚɫɬɨɥɶɤɨ ɦɚɥɵɦ, ɱɬɨ ɩɪɢ ɢɡɦɟɧɟɧɢɢ
ɨɛɴɟɦɚ ɧɚ 0V ɱɢɫɥɨ ɚɬɨɦɨɜ ɝɚɡɚ ɢɡɦɟɧɹɟɬɫɹ ɧɚ ɟɞɢɧɢɰɭ. Ɂɚ ɷɬɨɬ ɠɟ ɩɪɨɦɟɠɭɬɨɤ ɜɪɟɦɟɧɢ tδ ɤɨɨɪɞɢɧɚɬɚ ɰɟɧɬɪɚ
ɩɭɡɵɪɶɤɚ ( )r tG ɫɦɟɫɬɢɬɫɹ ɧɚ ɦɚɥɭɸ ɜɟɥɢɱɢɧɭ 0rδ
G
ɫ ɦɨɞɭɥɟɦ
1
3
03 4V⋅ π ɢ ɫɤɨɪɨɫɬɶ ɢɡɦɟɧɢɬɫɹ ɧɚ ɦɚɥɭɸ
ɜɟɥɢɱɢɧɭ 0v( )t r tδ = δ δ
G G
ɫ ɦɨɞɭɥɟɦ ( )
1
3
03 4V t⋅ π ⋅δ .
ɇɟɨɛɯɨɞɢɦɨ ɨɬɦɟɬɢɬɶ, ɱɬɨ ɫ ɜɜɟɞɟɧɢɟɦ ɱɢɫɥɚ 1( )N t ɞɥɹ ɮɭɧɤɰɢɢ ɪɚɫɩɪɟɞɟɥɟɧɢɹ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ
ɫɩɪɚɜɟɞɥɢɜɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɩɨɞɨɛɢɹ:
1 1( ( ), v( ), ( ), ( ), ) ( ( ), v( ), ( ), ( ), )f r t t V t N t t dV f r t t N t N t t dN=
G G G G
ɢɥɢ
0 1( ( ), v( ), ( ), ( ), ) ( ( ), v( ), ( ), ( ), )V f r t t V t N t t f r t t N t N t t⋅ =
G G G G
.
ɋ ɭɱɟɬɨɦ ɜɵɲɟɢɡɥɨɠɟɧɧɨɝɨ, ɢɡɦɟɧɟɧɢɟ ɜɨ ɜɪɟɦɟɧɢ ɮɭɧɤɰɢɢ ɪɚɫɩɪɟɞɟɥɟɧɢɹ
1 1( ( ), v( ), ( ), ( ), ) ( , ( ), ( ), )if r t t N t N t t f Q N t N t t≡
GG G
, ɝɞɟ: 1, 2i = , ɚ ɧɚɛɨɪ ɜɟɤɬɨɪɨɜ iQ
G
, ɤɨɬɨɪɵɣ ɨɛɨɡɧɚɱɚɟɬ
ɤɨɨɪɞɢɧɚɬɭ ( 1i = ) ɢ ɫɤɨɪɨɫɬɶ ( 2i = ) ɰɟɧɬɪɚ ɩɭɡɵɪɶɤɚ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ [3]: 
( ) ( ) 11 11 1
1
NN
N N N N
IId f I I I I
dt N N− −
∂∂
= − − − − = − −
∂ ∂
, (1) 
ɝɞɟ: NI  - ɩɨɬɨɤ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ N ; 1NI  - ɩɨɬɨɤ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ 1N ;
, 1 1 1, 1( , , , ) ( , , 1, )N N N i N N iI f Q N N t f Q N N t+ += ν − ν +
G G
;
1 1 1 1 1, 1 1 1, 1
( , , , ) ( , 1, , )N N N i N N iI f Q N N t f Q N N t+ += ν − ν +
G G
; , 1K K +ν  - ɱɚɫɬɨɬɚ ɩɟɪɟɯɨɞɚ ɢɡ ɫɨɫɬɨɹɧɢɹ K ɜ
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ɫɨɫɬɨɹɧɢɟ 1K + , ɝɞɟ { }1,Ʉ N N= ; 1,K K+ν  - ɱɚɫɬɨɬɚ ɨɛɪɚɬɧɨɝɨ ɩɟɪɟɯɨɞɚ ɢɡ ɫɨɫɬɨɹɧɢɹ 1K + ɜ ɫɨɫɬɨɹɧɢɟ K .
ȼ ɞɚɥɶɧɟɣɲɢɯ ɜɵɤɥɚɞɤɚɯ ɭɩɪɨɫɬɢɦ ɢɯ ɡɚɩɢɫɶ, ɜɜɨɞɹ ɫɥɟɞɭɸɳɟɟ ɨɛɨɡɧɚɱɟɧɢɟ 1( , 1, , )if Q N N t f+ →
G
. ȼ
ɥɟɜɨɣ ɱɚɫɬɢ ɜɵɪɚɠɟɧɢɹ (1), ɜ ɨɬɥɢɱɢɟ ɨɬ [3], ɡɚɩɢɫɚɧɚ ɩɨɥɧɚɹ ɩɪɨɢɡɜɨɞɧɚɹ ɩɨ ɜɪɟɦɟɧɢ ɨɬ ɮɭɧɤɰɢɢ
ɪɚɫɩɪɟɞɟɥɟɧɢɹ f . ɉɨ ɧɚɲɟɦɭ ɦɧɟɧɢɸ ɬɚɤɭɸ ɡɚɦɟɧɭ ɧɟɨɛɯɨɞɢɦɨ ɜɵɩɨɥɧɢɬɶ, ɬ.ɤ. ɨɧɚ ɩɨɡɜɨɥɹɟɬ ɭɱɟɫɬɶ ɜ
ɢɫɯɨɞɧɨɦ ɭɪɚɜɧɟɧɢɢ (1) ɤɨɧɜɟɤɬɢɜɧɵɟ ɫɥɚɝɚɟɦɵɟ, ɩɪɨɩɨɪɰɢɨɧɚɥɶɧɵɟ
N
t
∂
∂
ɢ
V
t
∂
∂
.
ɋɥɟɞɭɹ ɪɚɛɨɬɟ [3], ɫ ɭɱɟɬɨɦ ɜɵɲɟɢɡɥɨɠɟɧɧɨɝɨ, ɦɨɠɧɨ ɩɨɤɚɡɚɬɶ, ɱɬɨ ɭɪɚɜɧɟɧɢɟ (1) ɩɪɟɨɛɪɚɡɭɟɬɫɹ ɤ
ɭɪɚɜɧɟɧɢɸ ɞɢɮɮɭɡɢɢ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ { },N V :
N VI Id f
dt N V
∂ ∂
= − −
∂ ∂
, (2) 
ɝɞɟ:
1
1
( , 1, , )( , 1, , ) iN i N
dN f Q N N tI f Q N N t D
dt N
∂ +
= ⋅ + − ⋅
∂
GG
;
1
1
( , 1, , )( , 1, , ) iV i V
dV f Q N N tI f Q N N t D
dt V
∂ +
= ⋅ + − ⋅
∂
GG
;
2
, 1
1 ( , ) , 4
2
L
N N N N
dN F V N DD D R n
dt T N l+
δ
= − ⋅ ⋅ = ν = πα
δ
;
( , ) ln
VF V N pT
N p
δ
= ⋅
δ
1 1
2
, 1 0
1 ( , ) 3,
4V V N N
dV F V N VTD D V
dt T V +
δ
= − ⋅ ⋅ = ν ⋅ =
δ η
;
( )2( , ) L V RF V N p p
V R
σδ
= − +
δ
;
( ) ( ) ( )
'
'
'
0
2
( , )
V
L V V L
R
F V N V p p N dV
R
σ
= − + μ −μ + ³ ; ( , )F V N  - ɪɚɡɧɨɫɬɶ ɫɜɨɛɨɞɧɨɣ ɷɧɟɪɝɢɢ ɫɪɟɞɵ ɫ
ɩɭɡɵɪɶɤɨɦ ɨɛɴɟɦɚ 3
4
3
V Rπ= ɢ ɱɢɫɥɨɦ ɚɬɨɦɨɜ N ɢ ɫɜɨɛɨɞɧɨɣ ɷɧɟɪɝɢɢ ɫɪɟɞɵ ɫ ɪɚɫɬɜɨɪɟɧɧɵɦ ɝɚɡɨɦ ɛɟɡ
ɩɭɡɵɪɶɤɚ; T  - ɬɟɦɩɟɪɚɬɭɪɚ ɫɪɟɞɵ; Ln  - ɩɥɨɬɧɨɫɬɶ ɝɚɡɚ ɜ ɠɢɞɤɨɫɬɢ; Vμ  - ɯɢɦɢɱɟɫɤɢɣ ɩɨɬɟɧɰɢɚɥ ɚɬɨɦɚ ɝɚɡɚ ɜ
ɩɭɡɵɪɶɤɟ; Lμ  - ɯɢɦɢɱɟɫɤɢɣ ɩɨɬɟɧɰɢɚɥ ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɠɢɞɤɨɫɬɢ; p  - ɧɚɫɵɳɚɸɳɟɟ ɞɚɜɥɟɧɢɟ ɝɚɡɚ; Vp  - 
ɞɚɜɥɟɧɢɟ ɝɚɡɚ ɜ ɩɭɡɵɪɶɤɟ; Lp  - ɞɚɜɥɟɧɢɟ ɜ ɜɹɡɤɨɣ ɠɢɞɤɨɫɬɢ; ( )Rσ  - ɤɨɷɮɮɢɰɢɟɧɬ ɩɨɜɟɪɯɧɨɫɬɧɨɝɨ ɧɚɬɹɠɟɧɢɹ
ɧɚ ɝɪɚɧɢɰɟ ɠɢɞɤɨɫɬɶ - ɜɚɤɭɭɦ, ɤɨɬɨɪɵɣ ɜ ɨɛɳɟɦ ɫɥɭɱɚɟ ɦɨɠɟɬ ɡɚɜɢɫɟɬɶ ɨɬ ɪɚɞɢɭɫɚ ɩɭɡɵɪɶɤɚ ( )R t  (ɩɨɥɚɝɚɟɦ,
ɱɬɨ ɝɚɡ ɜ ɩɭɡɵɪɶɤɟ ɧɟ ɜɥɢɹɟɬ ɧɚ ɩɨɜɟɪɯɧɨɫɬɧɨɟ ɧɚɬɹɠɟɧɢɟ); η  - ɞɢɧɚɦɢɱɟɫɤɚɹ ɜɹɡɤɨɫɬɶ ɠɢɞɤɨɫɬɢ; 0 1≤ α ≤  - 
ɤɨɷɮɮɢɰɢɟɧɬ, ɭɱɢɬɵɜɚɸɳɢɣ ɞɨɩɨɥɧɢɬɟɥɶɧɵɣ ɛɚɪɶɟɪ, ɤɨɬɨɪɵɣ ɦɨɠɟɬ ɫɭɳɟɫɬɜɨɜɚɬɶ ɞɥɹ ɩɨɫɥɟɞɧɟɝɨ ɫɤɚɱɤɚ
ɚɬɨɦɚ ɝɚɡɚ ɜ ɩɭɡɵɪɟɤ; D  - ɤɨɷɮɮɢɰɢɟɧɬ ɞɢɮɮɭɡɢɢ ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɫɪɟɞɟ; l  - ɞɥɢɧɚ ɷɥɟɦɟɧɬɚɪɧɨɝɨ ɩɟɪɟɦɟɳɟɧɢɹ
ɚɬɨɦɚ ɝɚɡɚ ɜ ɫɪɟɞɟ.
ɉɪɚɜɚɹ ɱɚɫɬɶ ɭɪɚɜɧɟɧɢɹ (2) ɩɨɥɧɨɫɬɶɸ ɨɩɪɟɞɟɥɟɧɚ ɱɟɪɟɡ ɩɚɪɚɦɟɬɪɵ ɫɪɟɞɵ. Ɉɞɧɚɤɨ ɜ ɥɟɜɨɣ ɱɚɫɬɢ ɫɬɨɢɬ
ɩɨɥɧɚɹ ɩɪɨɢɡɜɨɞɧɚɹ ɮɭɧɤɰɢɢ ɪɚɫɩɪɟɞɟɥɟɧɢɹ ɩɭɡɵɪɶɤɨɜ ɩɨ ɜɪɟɦɟɧɢ. ɉɨɫɥɟɞɨɜɚɬɟɥɶɧɨɟ ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɟ ɩɨ
ɜɪɟɦɟɧɢ ɥɟɜɨɣ ɱɚɫɬɢ ɭɪɚɜɧɟɧɢɹ (2) ɞɚɟɬ ɱɟɬɵɪɟ ɞɨɩɨɥɧɢɬɟɥɶɧɵɯ ɤɨɧɜɟɤɬɢɜɧɵɯ ɫɥɚɝɚɟɦɵɯ: ɞɜɚ – ɜ ɨɛɵɱɧɨɦ
ɤɨɨɪɞɢɧɚɬɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ, ɞɜɚ – ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ɪɚɡɦɟɪɨɜ ɩɭɡɵɪɶɤɨɜ ,N V . ȼ ɢɬɨɝɟ, ɭɪɚɜɧɟɧɢɟ ɞɢɮɮɭɡɢɢ
ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ (2) ɩɪɢɨɛɪɟɬɚɟɬ ɫɥɟɞɭɸɳɢɣ ɜɢɞ:
v
v
N VI If r f f f N f V
t t r t N t V t N V
∂ ∂∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
+ + − − = − −
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
G G
G G . (3) 
ȼ ɥɟɜɨɣ ɱɚɫɬɢ ɭɪɚɜɧɟɧɢɹ (3) ɩɨɫɥɟɞɧɢɟ ɞɜɚ ɫɥɚɝɚɟɦɵɯ ɢɦɟɸɬ ɨɬɪɢɰɚɬɟɥɶɧɵɣ ɡɧɚɤ ɜɫɥɟɞɫɬɜɢɟ ɬɨɝɨ, ɱɬɨ ɜ (1) 
ɪɚɫɫɦɚɬɪɢɜɚɸɬɫɹ ɩɟɪɟɯɨɞɵ ɮɭɧɤɰɢɢ ɪɚɫɩɪɟɞɟɥɟɧɢɹ , 1 1,( ) ( 1)K K K Kf K f K+ +ν − ν + , ɜ ɬɨ ɜɪɟɦɹ ɤɚɤ ɩɨ
ɨɩɪɟɞɟɥɟɧɢɸ ɩɪɨɢɡɜɨɞɧɚɹ
( )f K
K
∂
∂
ɨɩɟɪɢɪɭɟɬ ɫ ɨɛɪɚɬɧɵɦ ɧɚɩɪɚɜɥɟɧɢɟɦ ɩɟɪɟɯɨɞɚ: ( 1) ( )f K f K+ − . Ʉɪɨɦɟ
ɬɨɝɨ, ɜ (3) ɱɚɫɬɧɵɟ ɩɪɨɢɡɜɨɞɧɵɟ ɩɨ ɜɪɟɦɟɧɢ ɨɬ ɩɟɪɟɦɟɧɧɵɯ ( )r tG , v( )tG , ( )V t ɢ ( )N t ɦɨɠɧɨ, ɫɥɟɞɭɹ ɥɨɝɢɤɟ
ɪɚɛɨɬɵ [3], ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɤɚɤ ɩɨɥɧɵɟ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɢɦɟɟɦ:
83
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( ) v( )dr t t
dt
=
G G
;
v( ) ( )
( )
d t F t
dt m t
=
GG
, (4) 
ɝɞɟ ( )F t
G
 - ɫɢɥɚ, ɞɟɣɫɬɜɭɸɳɚɹ ɧɚ ɩɭɡɵɪɟɤ; ( ) ( )ɚm t m N t=  - ɦɚɫɫɚ ɫɨɫɪɟɞɨɬɨɱɟɧɧɵɯ ɜ ɩɭɡɵɪɶɤɟ ɚɬɨɦɨɜ
ɝɚɡɚ, ɜɟɫ ɤɚɠɞɨɝɨ ɢɡ ɤɨɬɨɪɵɯ ɪɚɜɟɧ am . Ɂɞɟɫɶ ɧɟɨɛɯɨɞɢɦɨ ɨɬɦɟɬɢɬɶ, ɱɬɨ ɬɪɟɬɶɟ ɫɥɚɝɚɟɦɨɟ ɜ ɥɟɜɨɣ ɱɚɫɬɢ
ɭɪɚɜɧɟɧɢɹ (3) ɨɩɢɫɵɜɚɟɬ ɫɢɥɨɜɨɟ ɜɡɚɢɦɨɞɟɣɫɬɜɢɟ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ, ɤɨɬɨɪɨɟ ɫɜɹɡɚɧɨ ɫ ɜɨɡɛɭɠɞɟɧɢɟɦ
ɩɭɡɵɪɶɤɚɦɢ ɡɜɭɤɚ ɜ ɫɪɟɞɟ, ɜɡɚɢɦɨɞɟɣɫɬɜɢɟɦ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɩɨɞ ɞɟɣɫɬɜɢɟɦ ɫɢɥ Ȼɶɟɪɤɧɟɫɚ [6], ɢɯ
ɤɨɚɥɟɫɰɟɧɰɢɟɣ ɢ ɪɚɞɢɚɰɢɨɧɧɵɦ ɞɚɜɥɟɧɢɟɦ, ɨɤɚɡɵɜɚɟɦɵɦ ɧɚ ɧɢɯ ɫɨ ɫɬɨɪɨɧɵ ɫɨɛɫɬɜɟɧɧɵɯ ɢ ɜɧɟɲɧɢɯ
ɚɤɭɫɬɢɱɟɫɤɢɯ ɜɨɥɧ [7]. 
ȿɫɥɢ ɩɪɟɞɩɨɥɨɠɢɬɶ, ɱɬɨ ɫɪɟɞɚ ɨɞɧɨɪɨɞɧɚ ɢ ɧɚ ɝɚɡɨɜɵɟ ɩɭɡɵɪɶɤɢ ɧɟ ɞɟɣɫɬɜɭɸɬ ɜɧɟɲɧɢɟ ɫɢɥɵ, ɬɨ ɭɪɚɜɧɟɧɢɟ
(3) ɭɩɪɨɳɚɟɬɫɹ ɢ ɩɪɢɧɢɦɚɟɬ ɫɥɟɞɭɸɳɢɣ ɜɢɞ:
( , ) N V
f f fN V f D D
t N N V V
∂ ∂ ∂ ∂ ∂§ · § ·
= −Γ ⋅ + +¨ ¸ ¨ ¸∂ ∂ ∂ ∂ ∂© ¹ © ¹
, (5) 
ɝɞɟ:
( )
( , ) ln
sign SdN dV d dV dNN V
N dt V dt dt dt dt
§ ·∂ ∂§ · § ·Γ = + ≡ ¨ ¸¨ ¸ ¨ ¸ ¨ ¸∂ ∂© ¹ © ¹ © ¹
,
dN dVS
dt dt
≡ .
Ɂɚɩɢɫɶ ɫɥɚɝɚɟɦɨɝɨ ( , )N VΓ ɜ ɜɢɞɟ ɩɨɥɧɨɣ ɩɪɨɢɡɜɨɞɧɨɣ ɩɨ ɜɪɟɦɟɧɢ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɩɟɪɟɛɨɪɭ ɡɧɚɤɨɜ
ɩɪɨɢɡɜɨɞɧɵɯ
dN
dt
ɢ
dV
dt
, ɚ ɬɚɤɠɟ ɢɯ ɩɪɨɢɡɜɨɞɧɵɯ ɩɨ N ɢ V .
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɭɱɟɬ ɤɨɧɜɟɤɬɢɜɧɵɯ ɫɥɚɝɚɟɦɵɯ ɜ ɭɪɚɜɧɟɧɢɢ ɞɢɮɮɭɡɢɢ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɠɢɞɤɨɫɬɢ
ɩɪɟɨɛɪɚɡɭɟɬ ɤɢɧɟɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɢɡ ɱɢɫɬɨ ɞɢɜɟɪɝɟɧɬɧɨɣ ɮɨɪɦɵ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ɪɚɡɦɟɪɨɜ ɩɭɡɵɪɶɤɨɜ (ɫɦ.
[3]) ɜ ɚɧɚɥɨɝɢɱɧɭɸ ɮɨɪɦɭ, ɧɨ ɫ ɞɨɛɚɜɥɟɧɢɟɦ ɜ ɩɪɚɜɨɣ ɱɚɫɬɢ ɩɪɨɩɨɪɰɢɨɧɚɥɶɧɨɝɨ ɮɭɧɤɰɢɢ ɪɚɫɩɪɟɞɟɥɟɧɢɹ
ɩɭɡɵɪɶɤɨɜ ɫɥɚɝɚɟɦɨɝɨ.
ɍɪɚɜɧɟɧɢɟ (5) ɞɨɥɠɧɨ ɛɵɬɶ ɞɨɩɨɥɧɟɧɨ ɭɪɚɜɧɟɧɢɟɦ, ɨɩɢɫɵɜɚɸɳɢɦ ɫɨɯɪɚɧɟɧɢɟ ɱɢɫɥɚ ɚɬɨɦɨɜ ɝɚɡɚ ɜ
ɟɞɢɧɢɱɧɨɦ ɨɛɴɟɦɟ, ɜɤɥɸɱɚɸɳɟɦ ɚɬɨɦɵ ɝɚɡɚ ɜ ɩɭɡɵɪɶɤɚɯ ɢ ɚɬɨɦɵ ɝɚɡɚ, ɪɚɫɬɜɨɪɟɧɧɵɟ ɜ ɠɢɞɤɨɫɬɢ [3]: 
( ) ( )
0 0 0 0 0 0
0 1 ( , , ) 1 ( , , ) ( , , )L Ln Vf V N t dVdN n t Vf V N t dVdN Nf V N t dVdN
∞ ∞ ∞ ∞ ∞ ∞§ · § ·
− = − +³ ³ ³ ³ ³ ³¨ ¸ ¨ ¸© ¹ © ¹
(6) 
ɢɥɢ ɜ ɞɪɭɝɨɣ ɡɚɩɢɫɢ
( ) ( )
0 0 0 0
1 ( , , ) ( , , ) 1 0L Ln t f V N t dVdN Nf V N t dVdN n
∞ ∞ ∞ ∞§ ·
⋅ + = ⋅³ ³ ³ ³¨ ¸© ¹
. (7) 
ɉɪɢ ɩɟɪɟɯɨɞɟ ɨɬ ɜɵɪɚɠɟɧɢɹ (6) ɤ ɜɵɪɚɠɟɧɢɸ (7) ɢɫɩɨɥɶɡɨɜɚɧ ɬɨɬ ɮɚɤɬ, ɱɬɨ ɢɡɦɟɧɟɧɢɟ ɨɛɴɟɦɚ ɠɢɞɤɨɫɬɢ ɜ
ɟɞɢɧɢɱɧɨɦ ɨɛɴɟɦɟ ɩɪɨɩɨɪɰɢɨɧɚɥɶɧɨ ɤɨɥɢɱɟɫɬɜɭ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɩɨɫɥɟɞɧɟɦ:
0 0 0 0
1 ( , , ) 1 ( , , )f V N t dVdN Vf V N t dVdN
∞ ∞ ∞ ∞§ ·
= −³ ³ ³ ³¨ ¸© ¹
. (8) 
ɍɪɚɜɧɟɧɢɟ (5) ɢ ɨɞɧɨ ɢɡ ɭɪɚɜɧɟɧɢɣ (6),(7) ɫɨɫɬɚɜɥɹɟɬ ɮɭɧɞɚɦɟɧɬɚɥɶɧɭɸ ɫɢɫɬɟɦɭ ɭɪɚɜɧɟɧɢɣ, ɤɨɬɨɪɚɹ
ɨɩɢɫɵɜɚɟɬ ɞɢɧɚɦɢɤɭ ɢɯ ɩɚɪɚɦɟɬɪɨɜ ( , , )f V N t ɢ ( )Ln t . Ⱦɥɹ ɩɨɥɧɨɝɨ ɨɩɢɫɚɧɢɹ ɜɪɟɦɟɧɧɨɣ ɞɢɧɚɦɢɤɢ ɷɬɢɯ
ɩɚɪɚɦɟɬɪɨɜ ɜ ɫɪɟɞɟ ɫɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ ɞɨɥɠɧɚ ɛɵɬɶ ɞɨɩɨɥɧɟɧɚ ɧɚɱɚɥɶɧɵɦɢ ɢ ɝɪɚɧɢɱɧɵɦɢ ɭɫɥɨɜɢɹɦɢ.
ɂɫɯɨɞɹ ɢɡ ɜɢɞɚ ɩɟɪɜɨɝɨ ɫɥɚɝɚɟɦɨɝɨ ɩɪɚɜɨɣ ɱɚɫɬɢ ɭɪɚɜɧɟɧɢɹ (5) ɦɨɠɧɨ ɫɞɟɥɚɬɶ ɜɵɜɨɞ ɨ ɜɨɡɦɨɠɧɨɫɬɢ
ɫɭɳɟɫɬɜɨɜɚɧɢɹ ɪɚɜɧɨɜɟɫɧɵɯ ɪɚɫɩɪɟɞɟɥɟɧɢɣ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɠɢɞɤɨɫɬɢ. əɫɧɨ, ɱɬɨ ɬɚɤɢɟ ɫɨɫɬɨɹɧɢɹ
ɨɩɪɟɞɟɥɹɸɬɫɹ ɭɫɥɨɜɢɟɦ
( )
,
sign SdV dN dV dNQ const
dt dt dt dt
§ ·
≡ =¨ ¸© ¹
 (ɬɪɢɜɢɚɥɶɧɨɟ ɭɫɥɨɜɢɟ 0const =  - 
ɨɩɭɫɤɚɟɦ). 
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ɂɡ ɭɫɥɨɜɢɹ ,dV dNQ const
dt dt
§ ·
=¨ ¸© ¹
ɢ ɢɡ ɭɪɚɜɧɟɧɢɹ (5) ɫɥɟɞɭɟɬ, ɱɬɨ ( , ) 0N VΓ = , ɬ.ɟ. ɮɭɧɤɰɢɹ
ɪɚɫɩɪɟɞɟɥɟɧɢɹ ( ),f V N ɨɞɧɨɪɨɞɧɚ, ɚ ɤɨɥɢɱɟɫɬɜɨ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɠɢɞɤɨɫɬɢ ( ),bN f V N dNdV
Ω
= ³³
ɩɨɫɬɨɹɧɧɨ. Ɂɞɟɫɶ: Ω  - ɨɛɥɚɫɬɶ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ɪɚɡɦɟɪɨɜ ɩɭɡɵɪɶɤɨɜ { },N V .
Ⱦɚɥɟɟ ɪɚɫɫɦɨɬɪɢɦ ɜɨɡɦɨɠɧɵɟ ɪɟɠɢɦɵ ɫɭɳɟɫɬɜɨɜɚɧɢɹ ɪɚɜɧɨɜɟɫɧɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɠɢɞɤɨɫɬɢ.
ɍɋɅɈȼɂə ɋɍɓȿɋɌȼɈȼȺɇɂə ɂ ɉȺɊȺɆȿɌɊɕ ɊȺȼɇɈȼȿɋɇɕɏ ɉɍɁɕɊɖɄɈȼ ȼɀɂȾɄɈɋɌɂ ɉɊɂ
0S <
ɂɡ ɭɫɥɨɜɢɹ 0S < ɫɥɟɞɭɟɬ, ɱɬɨ ɨɛɴɟɦ ɩɭɡɵɪɶɤɚ ( )V t ɢ ɤɨɥɢɱɟɫɬɜɨ ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɧɟɦ ( )N t ɫɜɹɡɚɧɵ
ɦɟɠɞɭ ɫɨɛɨɣ ɫɨɨɬɧɨɲɟɧɢɟɦ:
( ) ( )( )1,2 1,2V t C N t D= − , (9) 
ɝɞɟ: 1,2C ɢ 1,2D  - ɤɨɧɫɬɚɧɬɵ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ; ( )( ) 11 0 0LC W n −≡ =  - ɷɥɟɦɟɧɬɚɪɧɵɣ ɨɛɴɟɦ, ɡɚɧɢɦɚɟɦɵɣ
ɚɬɨɦɨɦ ɝɚɡɚ ɜ ɠɢɞɤɨɫɬɢ ɜ ɧɚɱɚɥɶɧɵɣ ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ; 1 0D N≡  - ɤɨɥɢɱɟɫɬɜɨ ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɦɨɦɟɧɬ
ɮɨɪɦɢɪɨɜɚɧɢɹ ɩɭɡɵɪɶɤɚ; 2 0C W≡ − ; 2 0D >  - ɩɨɥɨɠɢɬɟɥɶɧɚɹ ɩɨ ɜɟɥɢɱɢɧɟ ɤɨɧɫɬɚɧɬɚ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ,
ɡɚɞɚɸɳɚɹ ɞɢɧɚɦɢɤɭ ɢɡɦɟɧɟɧɢɹ ɩɚɪɚɦɟɬɪɨɜ ɩɭɡɵɪɶɤɚ.
ɍɱɢɬɵɜɚɹ ɪɚɜɟɧɫɬɜɨ (9), ɜɟɥɢɱɢɧɭ ɦɢɧɢɦɚɥɶɧɨɝɨ ( 1α ≈ ) ɫɬɚɰɢɨɧɚɪɧɨɝɨ ɪɚɞɢɭɫɚ ɩɭɡɵɪɶɤɚ bR ɦɨɠɧɨ
ɨɩɪɟɞɟɥɢɬɶ ɢɡ ɭɪɚɜɧɟɧɢɹ:
( ) ( )
2
02
22 ln 1b L L
T bT b
R l
W Dn
p R RR R
∞
∞
σ § ·σ
= αη +¨ ¸¨ ¸++ © ¹
. (10) 
ɉɪɢ ɩɨɥɭɱɟɧɢɢ ɭɪɚɜɧɟɧɢɹ (10) ɢɫɩɨɥɶɡɨɜɚɧɨ ɩɪɟɞɫɬɚɜɥɟɧɢɟ Ɍɨɥɦɟɧɚ [8] ɞɥɹ ɡɚɜɢɫɢɦɨɫɬɢ ɤɨɷɮɮɢɰɢɟɧɬɚ
ɩɨɜɟɪɯɧɨɫɬɧɨɝɨ ɧɚɬɹɠɟɧɢɹ ɨɬ ɪɚɞɢɭɫɚ ɩɭɡɵɪɶɤɚ
( )
T
RR R R
∞
σ
σ =
+
, (11) 
ɚ ɬɚɤɠɟ ɩɪɟɞɩɨɥɨɠɟɧɢɟ ɨ ɫɩɪɚɜɟɞɥɢɜɨɫɬɢ ɭɫɥɨɜɢɹ ɪɚɜɧɨɜɟɫɢɹ ɧɚ ɩɨɜɟɪɯɧɨɫɬɢ ɩɭɡɵɪɶɤɚ [3]: 
( ), Lp R t p≈ , (12) 
ɝɞɟ TR  - ɯɚɪɚɤɬɟɪɧɵɣ ɪɚɞɢɭɫ Ɍɨɥɦɟɧɚ.
ȼ ɜɵɪɚɠɟɧɢɢ (11) ɩɚɪɚɦɟɬɪ
∞
σ ɯɚɪɚɤɬɟɪɢɡɭɟɬ ɩɨɜɟɪɯɧɨɫɬɧɨɟ ɧɚɬɹɠɟɧɢɟ ɠɢɞɤɨɣ ɫɪɟɞɵ ɩɪɢ ɛɨɥɶɲɢɯ
ɪɚɡɦɟɪɚɯ ɩɭɡɵɪɶɤɨɜ TR R . ɋ ɭɦɟɧɶɲɟɧɢɟɦ ɪɚɞɢɭɫɚ ɩɭɡɵɪɶɤɚ 0R → ɤɨɷɮɮɢɰɢɟɧɬ ɩɨɜɟɪɯɧɨɫɬɧɨɝɨ
ɧɚɬɹɠɟɧɢɹ ɫɪɟɞɵ ɬɚɤɠɟ ɫɬɪɟɦɢɬɫɹ ɤ ɧɭɥɸ. ɉɪɢ ɷɬɨɦ ɩɚɪɚɦɟɬɪ TR ɞɨɫɬɚɬɨɱɧɨ ɦɚɥ, ɩɨɫɤɨɥɶɤɭ ɨɧ ɯɚɪɚɤɬɟɪɢɡɭɟɬ
ɩɨɜɟɪɯɧɨɫɬɧɨɟ ɧɚɬɹɠɟɧɢɟ ɦɢɤɪɨɫɤɨɩɢɱɟɫɤɢɯ ɩɭɡɵɪɶɤɨɜ.
ȼɟɥɢɱɢɧɭ TR ɢ ɫɬɚɰɢɨɧɚɪɧɵɣ ɪɚɞɢɭɫ ɩɭɡɵɪɶɤɚ bR ɦɨɠɧɨ ɨɰɟɧɢɬɶ ɢɫɯɨɞɹ ɢɡ ɫɥɟɞɭɸɳɢɯ ɫɨɨɛɪɚɠɟɧɢɣ.
ɂɡ ɷɤɫɩɟɪɢɦɟɧɬɚɥɶɧɵɯ ɞɚɧɧɵɯ ɢɡɜɟɫɬɧɨ [9], ɱɬɨ ɜ ɜɨɞɨɩɪɨɜɨɞɧɨɣ ɜɨɞɟ ɫɨ ɜɪɟɦɟɧɟɦ ɨɬɫɬɚɢɜɚɧɢɹ 0,25 — 5,0 
ɱɚɫɨɜ ɩɪɢɫɭɬɫɬɜɭɸɬ ɩɭɡɵɪɶɤɢ ɪɚɞɢɭɫɨɦ ɨɬ 3max 3 10R
−
⋅ ɫɦ ɞɨ ɦɢɧɢɦɚɥɶɧɨɝɨ, ɪɚɞɢɭɫ ɤɨɬɨɪɨɝɨ ɨɩɪɟɞɟɥɢɦ
ɤɚɤ 802 6 10
min
b
R R −⋅ = ⋅ ɫɦ, ɝɞɟ 80 3 10R
−
⋅ ɫɦ – ɷɮɮɟɤɬɢɜɧɵɣ ɪɚɞɢɭɫ “ɚɬɨɦɚ” ɜɨɡɞɭɯɚ. Ɉɬɦɟɬɢɦ, ɱɬɨ
ɡɧɚɱɟɧɢɟ 0R ɩɨɩɚɞɚɟɬ ɜ ɬɟɨɪɟɬɢɱɟɫɤɢ ɪɚɫɫɱɢɬɚɧɧɵɣ ɢɧɬɟɪɜɚɥ ɪɚɡɦɟɪɨɜ ɩɭɡɵɪɶɤɨɜ ɝɚɡɚ ɜ ɨɛɥɚɫɬɢ ɢɯ
ɡɚɪɨɠɞɟɧɢɹ 8 802,7 10 ɫɦ 6,7 10 ɫɦR
− −
⋅ < < ⋅  [10]. 
Ɍɨɝɞɚ, ɪɟɲɚɹ ɭɪɚɜɧɟɧɢɟ (6) ɞɥɹ ɩɭɡɵɪɶɤɚ ɜɨɡɞɭɯɚ ɧɚɢɦɟɧɶɲɟɝɨ ɪɚɞɢɭɫɚ ( b TR R ) ɜ ɜɨɞɨɩɪɨɜɨɞɧɨɣ ɜɨɞɟ
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ɩɪɢ ɚɬɦɨɫɮɟɪɧɨɦ ɞɚɜɥɟɧɢɢ (ɩɨɥɚɝɚɟɦ 1α ≈ ), ɧɟɬɪɭɞɧɨ ɨɩɪɟɞɟɥɢɬɶ ɦɢɧɢɦɚɥɶɧɨɟ ɡɧɚɱɟɧɢɟ ɩɚɪɚɦɟɬɪɚ
61,6 10TR
−
≈ ⋅ ɫɦ (ɫ ɭɦɟɧɶɲɟɧɢɟɦ α ɜɟɥɢɱɢɧɚ ɷɬɨɝɨ ɩɚɪɚɦɟɬɪɚ ɪɚɫɬɟɬ).
ȼɟɥɢɱɢɧɚ ɫɬɚɰɢɨɧɚɪɧɨɝɨ ɪɚɞɢɭɫɚ ɩɭɡɵɪɶɤɚ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɬɚɤɠɟ ɨɩɪɟɞɟɥɹɟɬɫɹ ɢɡ ɭɪɚɜɧɟɧɢɹ (5) ɢ ɪɚɜɧɚ
6 56,6 10 10bR
− −
≈ ⋅  ɫɦ, ɱɬɨ ɩɨ ɩɨɪɹɞɤɭ ɜɟɥɢɱɢɧɵ ɫɨɜɩɚɞɚɟɬ ɫɨ ɡɧɚɱɟɧɢɟɦ ”ɭɫɪɟɞɧɟɧɧɨɝɨ“ ɪɚɞɢɭɫɚ,
ɷɤɫɩɟɪɢɦɟɧɬɚɥɶɧɨ ɭɫɬɚɧɨɜɥɟɧɧɨɝɨ ɜ [11]: ( ) 5 51,8 0, 2 10 10R − −≈ ± ⋅  ɫɦ.
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɢɡ ɩɪɢɜɟɞɟɧɧɵɯ ɪɚɫɱɟɬɨɜ ɜɢɞɧɨ, ɱɬɨ ɜɟɥɢɱɢɧɚ ɪɚɜɧɨɜɟɫɧɨɝɨ ɪɚɞɢɭɫɚ ɩɭɡɵɪɶɤɚ ɜ ɧɟɫɤɨɥɶɤɨ
ɪɚɡ ɩɪɟɜɵɲɚɟɬ ɯɚɪɚɤɬɟɪɧɵɣ ɪɚɞɢɭɫ Ɍɨɥɦɟɧɚ TR , ɢ, ɬɚɤɢɦ ɨɛɪɚɡɨɦ, ɜ ɪɚɜɧɨɜɟɫɧɨɦ ɩɭɡɵɪɶɤɟ ɦɢɤɪɨɫɤɨɩɢɱɟɫɤɢɟ
ɫɜɨɣɫɬɜɚ ɤɨɷɮɮɢɰɢɟɧɬɚ ɩɨɜɟɪɯɧɨɫɬɧɨɝɨ ɧɚɬɹɠɟɧɢɹ ɧɟɫɭɳɟɫɬɜɟɧɧɵ. ɂɡ ɩɪɨɜɟɞɟɧɧɨɝɨ ɚɧɚɥɢɡɚ ɬɚɤɠɟ ɫɥɟɞɭɟɬ,
ɱɬɨ ɜ ɠɢɞɤɨɫɬɢ ɜɫɟɝɞɚ ɩɪɢɫɭɬɫɬɜɭɸɬ ɪɚɜɧɨɜɟɫɧɵɟ ɝɚɡɨɜɵɟ ɩɭɡɵɪɶɤɢ, ɤɨɬɨɪɵɟ ɜ ɞɚɥɶɧɟɣɲɟɦ ɦɨɝɭɬ ɢɡɦɟɧɹɬɶ
ɫɜɨɢ ɩɚɪɚɦɟɬɪɵ ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɭɪɚɜɧɟɧɢɹɦɢ (5), (7), ɧɟ ɢɡɦɟɧɹɹ ɩɪɢ ɷɬɨɦ ɢɯ ɨɛɳɟɟ ɤɨɥɢɱɟɫɬɜɨ.
ɍɋɅɈȼɂə ɋɍɓȿɋɌȼɈȼȺɇɂə ɂ ɉȺɊȺɆȿɌɊɕ ɊȺȼɇɈȼȿɋɇɕɏ ɉɍɁɕɊɖɄɈȼ ȼɀɂȾɄɈɋɌɂ ɉɊɂ
0S >
ɉɪɢ 0S > ɫɬɚɰɢɨɧɚɪɧɨɟ ɫɨɫɬɨɹɧɢɟ ɩɭɡɵɪɶɤɨɜ ɡɚɞɚɟɬɫɹ ɭɪɚɜɧɟɧɢɟɦ:
22
0 0
23
4
V L
T
dV dV VM M p p R RdN dt
∞
­ ½σ§ ·§ ·
= ± ≡ ± − −® ¾¨ ¸ ¨ ¸+η© ¹ © ¹¯ ¿
, (13) 
ɝɞɟ: 0M  - ɩɨɫɬɨɹɧɧɚɹ ɜɟɥɢɱɢɧɚ, ɧɟ ɡɚɜɢɫɹɳɚɹ ɨɬ ɩɟɪɟɦɟɧɧɵɯ V ɢ N .
Ⱦɥɹ ɢɞɟɚɥɶɧɨɝɨ ɝɚɡɚ ɜ ɩɭɡɵɪɶɤɟ, ɧɚɩɪɢɦɟɪ, ɜɨɡɞɭɯɚ ɜ ɜɨɞɨɩɪɨɜɨɞɧɨɣ ɜɨɞɟ, V
NTp
V
= ɢ ɭɪɚɜɧɟɧɢɟ (13) 
ɩɪɟɨɛɪɚɡɭɟɬɫɹ ɜ ɜɢɞɭ:
211
3
1 1
T
dV Vax V b
dx V
−§ ·§ ·§ ·¨ ¸§ ·¨ ¸¨ ¸
= ± − + +¨ ¸¨ ¸¨ ¸¨ ¸© ¹¨ ¸¨ ¸¨ ¸© ¹© ¹© ¹
, (14) 
ɝɞɟ:
2
0
3
4
Lpx NM
§ ·
= ¨ ¸η© ¹
; ( )
2
3
0
16
9 L
Ta
M p
η
= ;
34
3
T
T
RV π= ; 2 L
T
b
R p
σ
∞
= .
ɂɡ ɭɪɚɜɧɟɧɢɹ (14) ɫɥɟɞɭɟɬ, ɱɬɨ ɨɛɴɟɦ ɫɬɚɰɢɨɧɚɪɧɨɝɨ ɩɭɡɵɪɶɤɚ ( )V x ɟɫɬɶ ɦɨɧɨɬɨɧɧɚɹ ɧɚɪɚɫɬɚɸɳɚɹ (ɡɧɚɤ
+ ) ɢɥɢ ɭɛɵɜɚɸɳɚɹ (ɡɧɚɤ - ) ɮɭɧɤɰɢɹ ɤɨɥɢɱɟɫɬɜɚ ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɧɟɦ.
Ʉɚɱɟɫɬɜɟɧɧɨ ɨɩɢɲɟɦ ɦɨɧɨɬɨɧɧɨ ɧɚɪɚɫɬɚɸɳɟɟ ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (14).  
ɉɪɢ ɦɚɥɵɯ ɡɧɚɱɟɧɢɹɯ ,x V  ( , 0x V → ) ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (14) ɢɦɟɟɬ ɜɢɞ:
( )321 1
a aV x
b b
+
+ +
 . (15) 
ȼ ɬɨɱɤɚɯ ,b bV x , ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɭɪɚɜɧɟɧɢɸ,
11
3
1 1b bb
T
V Vx b
a V
−§ ·§ ·§ ·¨ ¸¨ ¸
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(16) 
ɦɨɧɨɬɨɧɧɨ ɧɚɪɚɫɬɚɸɳɟɟ ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (14) ɢɦɟɟɬ ɥɨɤɚɥɶɧɵɣ ɷɤɫɬɪɟɦɭɦ.
ɉɨɫɥɟ ɩɪɨɯɨɠɞɟɧɢɹ ɷɤɫɬɪɟɦɭɦɚ ɩɪɢ ,x V → ∞ ɪɟɲɟɧɢɟ ɫɧɨɜɚ ɚɫɢɦɩɬɨɬɢɱɟɫɤɢ ɪɚɫɬɟɬ ɩɨ ɥɢɧɟɣɧɨɦɭ
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ɡɚɤɨɧɭ:
V ax a− . (17) 
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɢɡ ɭɪɚɜɧɟɧɢɹ (14) ɫɥɟɞɭɟɬ, ɱɬɨ ɩɪɢ ɭɫɥɨɜɢɢ 0S > ɜ ɠɢɞɤɨɫɬɢ ɫɭɳɟɫɬɜɭɟɬ ɬɚɤɢɟ ɫɨɫɬɨɹɧɢɹ
ɩɭɡɵɪɶɤɚ, ɤɨɝɞɚ ɤɨɥɢɱɟɫɬɜɨ ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɧɟɦ ɧɟɥɢɧɟɣɧɵɦ ɨɛɪɚɡɨɦ ɧɚɪɚɫɬɚɟɬ ɫ ɪɨɫɬɨɦ ɟɝɨ ɨɛɴɟɦɚ, ɯɨɬɹ
ɚɫɢɦɩɬɨɬɢɱɟɫɤɢ, ɩɪɢ ɛɨɥɶɲɢɯ ɢ ɦɚɥɵɯ ɡɧɚɱɟɧɢɹɯ ɨɛɴɟɦɚ ɩɭɡɵɪɶɤɚ, ɷɬɚ ɡɚɜɢɫɢɦɨɫɬɶ ɛɥɢɡɤɚ ɤ ɥɢɧɟɣɧɨɣ (ɫɦ.
Ɋɢɫ. 1., ɤɪɢɜɚɹ II ).
Ɉɩɪɟɞɟɥɢɦ ɬɟɩɟɪɶ ɩɚɪɚɦɟɬɪɵ ɦɨɧɨɬɨɧɧɨ ɭɛɵɜɚɸɳɟɝɨ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ (14) (ɫɦ. Ɋɢɫ. 1., ɤɪɢɜɚɹ III ).
ȼ ɨɛɥɚɫɬɢ ɛɨɥɶɲɢɯ ɡɧɚɱɟɧɢɣ V  ( , TV ax V ) ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (14) ɨɩɢɫɵɜɚɟɬɫɹ ɝɢɩɟɪɛɨɥɨɣ
( ) 10V x x −− , ɝɞɟ 0 bx x ,
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§ ·
= ¨ ¸η© ¹
. ȼ ɬɨɱɤɚɯ ,b bV x , ɦɨɧɨɬɨɧɧɨ ɭɛɵɜɚɸɳɟɟ ɪɟɲɟɧɢɟ
ɭɪɚɜɧɟɧɢɹ (14) ɢɦɟɟɬ ɥɨɤɚɥɶɧɵɣ ɷɤɫɬɪɟɦɭɦ, ɢ ɩɪɢ V ax ɨɩɢɫɵɜɚɟɬɫɹ ɩɚɪɚɛɨɥɨɣ ( )2 3 313maxb
aV V x x− − ,
ɝɞɟ maxbV  - ɧɚɱɚɥɶɧɵɣ ɨɛɴɟɦ ɩɭɡɵɪɶɤɚ;
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.
ɉȺɊȺɆȿɌɊɕ ɋɌȺɐɂɈɇȺɊɇɕɏ ɉɍɁɕɊɖɄɈȼ ȼɀɂȾɄɈɋɌɂ
Ɋɟɲɟɧɢɟ (9) ɢ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ (14) ɨɩɢɫɵɜɚɸɬ ɜɨɡɦɨɠɧɵɟ ɫɬɚɰɢɨɧɚɪɧɵɟ ɫɨɫɬɨɹɧɢɹ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ
ɜ ɠɢɞɤɨɫɬɢ. ɋɨɜɦɟɫɬɧɨɫɬɶ ɷɬɢɯ ɪɟɲɟɧɢɣ ɩɪɟɞɩɨɥɚɝɚɟɬ, ɱɬɨ ɦɨɧɨɬɨɧɧɨ ɧɚɪɚɫɬɚɸɳɢɟ ɪɟɲɟɧɢɹ ɩɪɢ ɛɨɥɶɲɢɯ
ɡɧɚɱɟɧɢɹɯ N ɢ V ɚɫɢɦɩɬɨɬɢɱɟɫɤɢ ɞɨɥɠɧɵ ɨɩɢɫɵɜɚɬɶɫɹ ɨɞɢɧɚɤɨɜɨɣ ɡɚɜɢɫɢɦɨɫɬɶɸ ( ) ( )( )0 0V t W N t N≈ − ,
ɤɨɬɨɪɚɹ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɤɪɢɜɨɣ I ɧɚ Ɋɢɫ. 1. ɋɥɟɞɭɟɬ ɨɬɦɟɬɢɬɶ, ɱɬɨ ɩɪɢ ɛɨɥɶɲɢɯ ɡɧɚɱɟɧɢɹɯ N ɢ V ɚɫɢɦɩɬɨɬɢɤɚ
(17) ɫɨɜɩɚɞɚɟɬ ɫ ɪɟɲɟɧɢɟɦ (9) ɩɪɢ ɜɵɩɨɥɧɟɧɢɢ ɭɫɥɨɜɢɣ:
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.
ɇɚ Ɋɢɫ. 1. ɩɪɢɜɟɞɟɧɵ ɫɨɜɦɟɳɟɧɧɵɟ ɤɚɱɟɫɬɜɟɧɧɵɟ ɡɚɜɢɫɢɦɨɫɬɢ ɨɛɴɟɦɚ ɩɭɡɵɪɶɤɚ ɨɬ ɤɨɥɢɱɟɫɬɜɚ ɚɬɨɦɨɜ ɝɚɡɚ
ɜ ɧɟɦ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɪɟɲɟɧɢɸ (6) ɢ ɪɟɲɟɧɢɹɦ ɭɪɚɜɧɟɧɢɹ (14) ɞɥɹ ɜɫɟɯ ɡɧɚɤɨɜ S .
Ɋɢɫ. 1. Ɂɚɜɢɫɢɦɨɫɬɢ ɨɛɴɟɦɚ ɪɚɜɧɨɜɟɫɧɨɝɨ ɝɚɡɨɜɨɝɨ ɩɭɡɵɪɶɤɚ ( )V N ɨɬ
ɤɨɥɢɱɟɫɬɜɚ ɚɬɨɦɨɜ ɝɚɡɚ N ɜ ɧɟɦ.
Ʉɪɢɜɵɟ, ɩɪɢɜɟɞɟɧɧɵɟ ɧɚ ɪɢɫ. 1, ɧɟ ɨɛɟɫɩɟɱɢɜɚɸɬ ɨɞɧɨɡɧɚɱɧɨɫɬɢ ɫɬɚɰɢɨɧɚɪɧɨɝɨ ɫɨɫɬɨɹɧɢɹ ɩɭɡɵɪɶɤɨɜ ɜ
ɠɢɞɤɨɣ ɫɪɟɞɟ: ɞɥɹ ɨɞɧɨɝɨ ɡɧɚɱɟɧɢɹ N ɫɭɳɟɫɬɜɭɟɬ ɧɟɫɤɨɥɶɤɨ ɪɚɜɧɨɜɟɫɧɵɯ ɡɧɚɱɟɧɢɣ V . Ⱦɥɹ ɭɫɬɪɚɧɟɧɢɹ ɷɬɨɣ
ɧɟɨɞɧɨɡɧɚɱɧɨɫɬɢ ɧɟɨɛɯɨɞɢɦɨ ɢɡ ɤɪɢɜɵɯ :I III ɫɨɫɬɚɜɢɬɶ ɤɪɢɜɭɸ, ɤɨɬɨɪɚɹ ɢɦɟɟɬ ɧɟɩɪɟɪɵɜɧɭɸ ɩɪɨɢɡɜɨɞɧɭɸ
ɩɨ N , ɢ ɨɛɟɫɩɟɱɢɜɚɟɬ ɦɚɤɫɢɦɭɦ ɪɚɡɧɨɫɬɢ ɫɜɨɛɨɞɧɵɯ ɷɧɟɪɝɢɣ ( , )F V N  [1]. ɗɬɨɦɭ ɬɪɟɛɨɜɚɧɢɸ ɨɬɜɟɱɚɟɬ
ɤɪɢɜɚɹ (ɨɬɦɟɱɟɧɚ ɱɟɪɧɵɦɢ ɤɜɚɞɪɚɬɢɤɚɦɢ), ɫɨɫɬɨɹɳɚɹ ɢɡ ɤɪɢɜɨɣ III ɜ ɢɧɬɟɪɜɚɥɟ 0 bN N N< ≤ ɢ ɢɡ ɤɪɢɜɨɣ II
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ɜ ɢɧɬɟɪɜɚɥɟ bN N≥ . ȼ ɬɨɱɤɟ ɫɨɟɞɢɧɟɧɢɹ ɤɪɢɜɵɯ bN N= ɩɪɨɢɡɜɨɞɧɵɟ
dV
dN
ɤɪɢɜɵɯ II ɢ III ɪɚɜɧɵ ɧɭɥɸ,
ɬ.ɟ. ɩɪɨɢɡɜɨɞɧɚɹ ɜ ɬɨɱɤɟ ɫɨɱɥɟɧɟɧɢɹ ɤɪɢɜɵɯ II ɢ III ɧɟɩɪɟɪɵɜɧɚ.
ɂɡ ɚɧɚɥɢɡɚ ɫɨɫɬɚɜɥɟɧɧɨɣ ɤɪɢɜɨɣ II III+ ɫɥɟɞɭɟɬ, ɱɬɨ ɨɛɴɟɦ ɪɚɜɧɨɜɟɫɧɨɝɨ ɩɭɡɵɪɶɤɚ ( )V N , ɩɪɢ 0N N=
ɫɤɚɱɤɨɦ ɢɡɦɟɧɹɟɬɫɹ ɨɬ ɧɭɥɹ ɞɨ ɡɧɚɱɟɧɢɹ maxbV V= , ɫ ɪɨɫɬɨɦ N ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ ɬɨɱɤɭ ɦɢɧɢɦɭɦɚ ,b bV N ɢ ɩɪɢ
1N >> ɚɫɢɦɩɬɨɬɢɱɟɫɤɢ ɩɪɢɛɥɢɠɚɟɬɫɹ ɤ ɥɢɧɟɣɧɨɣ ɡɚɜɢɫɢɦɨɫɬɢ, ɨɩɪɟɞɟɥɹɟɦɨɣ ɜɵɪɚɠɟɧɢɟɦ (9) (ɤɪɢɜɚɹ I ).
ɉɪɢ ɷɬɨɦ ɩɭɡɵɪɶɤɢ ɯɚɪɚɤɬɟɪɢɡɭɸɬɫɹ ɥɢɧɟɣɧɨɣ ɡɚɜɢɫɢɦɨɫɬɶɸ ɦɟɠɞɭ ɤɨɥɢɱɟɫɬɜɨɦ ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɩɭɡɵɪɶɤɟ ɢ ɟɝɨ
ɨɛɴɟɦɨɦ, ɬ. ɟ. ɜ ɬɚɤɨɦ ɪɚɜɧɨɜɟɫɧɨɦ ɩɭɡɵɪɶɤɟ ɩɥɨɬɧɨɫɬɶ ɝɚɡɚ ɩɨɫɬɨɹɧɧɚ.
ɉɨɫɥɟɞɧɟɟ ɩɨɞɬɜɟɪɠɞɚɟɬɫɹ ɪɟɡɭɥɶɬɚɬɚɦɢ ɱɢɫɥɟɧɧɨɝɨ ɦɨɞɟɥɢɪɨɜɚɧɢɹ, ɩɪɢɜɟɞɟɧɧɨɝɨ ɜ ɪɚɛɨɬɟ [10], ɝɞɟ
ɩɥɨɬɧɨɫɬɶ ɜɨɡɞɭɯɚ ɜ ɩɭɡɵɪɶɤɚɯ ɜɨɞɨɩɪɨɜɨɞɧɨɣ ɜɨɞɵ (ɝɚɡɨɫɨɞɟɪɠɚɧɢɟ ɧɚ ɭɪɨɜɧɟ 0,1) ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ 5% 
ɨɫɬɚɟɬɫɹ ɩɨɫɬɨɹɧɧɨɣ.
ȺȼɌɈɆɈȾȿɅɖɇȺə ȾɂɇȺɆɂɄȺ ȽȺɁɈȼɕɏ ɉɍɁɕɊɖɄɈȼ ȼɀɂȾɄɈɋɌɂ ɉɊɂ ɍɆȿɇɖɒȿɇɂɂ
ȼɇȿɒɇȿȽɈ ȾȺȼɅȿɇɂə 0S <
ȼ ɧɟɤɨɬɨɪɵɯ ɫɥɭɱɚɹɯ, ɭɞɚɟɬɫɹ ɩɨɥɭɱɢɬɶ ɚɜɬɨɦɨɞɟɥɶɧɵɟ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ, ɤɨɬɨɪɵɟ ɯɚɪɚɤɬɟɪɢɡɭɸɬ ɟɝɨ
ɜɧɭɬɪɟɧɧɢɟ ɫɜɨɣɫɬɜɚ ɛɟɡɨɬɧɨɫɢɬɟɥɶɧɨ ɨɬ ɜɢɞɚ ɧɚɱɚɥɶɧɵɯ ɢ ɝɪɚɧɢɱɧɵɯ ɭɫɥɨɜɢɣ. ɇɢɠɟ ɨɫɬɚɧɨɜɢɦɫɹ ɧɚ ɚɧɚɥɢɡɟ
ɬɚɤɢɯ ɚɜɬɨɦɨɞɟɥɶɧɵɯ ɪɟɲɟɧɢɣ ɭɪɚɜɧɟɧɢɣ (5), (7). 
ɇɚɣɞɟɦ ɚɜɬɨɦɨɞɟɥɶɧɨɟ ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (5). Ⱦɥɹ ɷɬɨɝɨ ɛɭɞɟɦ ɫɱɢɬɚɬɶ, ɱɬɨ ɩɟɪɜɨɧɚɱɚɥɶɧɨ ɧɚɯɨɞɹɳɚɹɫɹ
ɩɨɞ ɞɚɜɥɟɧɢɟɦ 0p ɠɢɞɤɨɫɬɶ ɩɨɞɜɟɪɝɚɟɬɫɹ ɟɝɨ ɢɡɦɟɧɟɧɢɸ ɜɨ ɜɪɟɦɟɧɢ ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɜɵɪɚɠɟɧɢɟɦ
( )0 0 0( )p t p t t tδ −δ= + ⋅ , ɝɞɟ: 0δ <  - ɩɚɪɚɦɟɬɪ, ɨɩɪɟɞɟɥɹɸɳɢɣ ɫɤɨɪɨɫɬɶ ɢɡɦɟɧɟɧɢɹ ɞɚɜɥɟɧɢɹ ɜ ɠɢɞɤɨɫɬɢ, 0t  - 
ɡɚɞɚɧɧɨɟ ɯɚɪɚɤɬɟɪɧɨɟ ɜɪɟɦɹ ɢɡɦɟɧɟɧɢɹ ɞɚɜɥɟɧɢɹ.
ɉɨɥɚɝɚɟɦ, ɱɬɨ ɞɚɜɥɟɧɢɟ ɜ ɠɢɞɤɨɫɬɢ ɢ ɜ ɝɚɡɨɜɨɦ ɩɭɡɵɪɶɤɟ ɨɬɫɥɟɠɢɜɚɟɬ ɢɡɦɟɧɟɧɢɟ ɜɧɟɲɧɟɝɨ ɞɚɜɥɟɧɢɹ, ɢ
ɢɡɦɟɧɹɸɬɫɹ ɜɨ ɜɪɟɦɟɧɢ ɩɨ ɚɧɚɥɨɝɢɱɧɨɦɭ ɡɚɤɨɧɭ:
( )0 0 0( ) L Lp t p p t t tδ −δ= + ⋅ , ( )0 0 0V Vp p t t tδ −δ= + ⋅ . (18) 
Ⱦɥɹ ɢɫɫɥɟɞɨɜɚɧɢɹ ɞɢɧɚɦɢɤɢ ɬɚɤɨɝɨ ɩɪɨɰɟɫɫɚ ɰɟɥɟɫɨɨɛɪɚɡɧɨ ɜɜɟɫɬɢ ɚɜɬɨɦɨɞɟɥɶɧɭɸ ɮɭɧɤɰɢɸ ( ),Φ ξ ζ ɢ
ɚɜɬɨɦɨɞɟɥɶɧɵɟ ɩɟɪɟɦɟɧɧɵɟ ζ ɢ ξ :
( ) ( )( )0 0, , ,f V N t t t tμ −μΦ ξ ζ = + ; ( )3 30 034
V t t tδ − δζ = + ⋅
π
; ( )0 0N t t tν −νξ = + , (19) 
ɝɞɟ: ,μ ν  - ɩɨɤɚɡɚɬɟɥɢ ɫɬɟɩɟɧɢ, ɨɩɪɟɞɟɥɹɟɦɵɟ ɢɡ ɭɪɚɜɧɟɧɢɹ (5).  
ɉɪɟɞɥɨɠɟɧɧɵɟ ɩɨɞɫɬɚɧɨɜɤɢ (19), ɩɪɢ ɭɫɥɨɜɢɹɯ ɫɨɛɥɸɞɟɧɢɹ ɫɬɚɰɢɨɧɚɪɧɨɫɬɢ
( ) ( ), , 0∂Φ ξ ζ ∂Φ ξ ζ= =
∂ξ ∂ζ ,
( )Ln t const= ɢ ɫɩɪɚɜɟɞɥɢɜɨɫɬɢ ɫɨɨɬɧɨɲɟɧɢɹ (9), ɩɪɟɨɛɪɚɡɭɸɬ ɢɫɯɨɞɧɨɟ ɭɪɚɜɧɟɧɢɟ (5) ɤ ɜɢɞɭ:
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, (20) 
ɝɞɟ: 0R  - ɧɚɱɚɥɶɧɵɣ ɪɚɞɢɭɫ ɩɭɡɵɪɶɤɚ.
ɂɡ (20) ɫɥɟɞɭɟɬ, ɱɬɨ ɞɥɹ ɪɚɜɧɨɜɟɫɧɨɝɨ ɩɭɡɵɪɶɤɚ ( 0 bR R= ) ɩɨɤɚɡɚɬɟɥɶ ɫɬɟɩɟɧɢ 0μ = . ɉɪɢ 0 bR R<
ɩɨɤɚɡɚɬɟɥɶ ɫɬɟɩɟɧɢ ɨɬɪɢɰɚɬɟɥɟɧ ( 0μ < ), ɚ ɩɪɢ 0 bR R>  – ɩɨɥɨɠɢɬɟɥɟɧ ( 0μ > ).
Ɋɚɫɫɦɨɬɪɢɦ ɞɚɥɟɟ ɞɢɧɚɦɢɤɭ ɢɡɦɟɧɟɧɢɹ ɜɨ ɜɪɟɦɟɧɢ ɫɪɟɞɧɟɝɨ ɱɢɫɥɚ ɩɭɡɵɪɶɤɨɜ ɜ ɠɢɞɤɨɫɬɢ
( )
0 0
( , , )bN t f V N t dVdN
∞ ∞
= ³ ³ ɢ ɢɯ ɫɪɟɞɧɟɝɨ ɪɚɡɦɟɪɚ ( )
0 0
( , , )V t Vf V N t dVdN
∞ ∞
= ³ ³ ɢɥɢ ɫɪɟɞɧɟɝɨ ɤɨɥɢɱɟɫɬɜɚ
ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɩɭɡɵɪɶɤɟ ( ) ( )10N t W V t−= ⋅ .
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ɂɡɦɟɧɟɧɢɟ ɫɪɟɞɧɢɯ ɜɟɥɢɱɢɧ ( )bN t ɢ ( )V t , ɨɩɢɫɵɜɚɟɦɨɟ ɭɪɚɜɧɟɧɢɟɦ (5), ɩɪɢɜɟɞɟɧɨ ɜ ɬɚɛɥɢɰɟ.
Ɍɚɛɥɢɰɚ.
Ⱦɢɧɚɦɢɤɚ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɜɨɞɟ ɩɪɢ ɭɦɟɧɶɲɟɧɢɢ ɜɧɟɲɧɟɝɨ ɞɚɜɥɟɧɢɹ. Ɂɧɚɤɢ + , 
0, — ɨɬɜɟɱɚɸɬ ɪɨɫɬɭ, ɩɨɫɬɨɹɧɫɬɜɭ ɢɥɢ ɭɦɟɧɶɲɟɧɢɸ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ ɩɚɪɚɦɟɬɪɚ.
1 2 3 4 5 μ
6μ < 6μ = 6 9< μ < 9μ = 9μ >
( )bN t + 0 — — — 
( ) ( ),V t N t + + + 0 — 
Ɉɬɦɟɱɟɧɧɚɹ ɜ ɬɚɛɥɢɰɟ ɞɢɧɚɦɢɤɚ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɞɨɥɠɧɚ ɨɛɟɫɩɟɱɢɜɚɬɶ ɫɨɯɪɚɧɟɧɢɟ ɤɨɥɢɱɟɫɬɜɚ ɚɬɨɦɨɜ
ɝɚɡɚ ɜ ɠɢɞɤɨɫɬɢ ɢ ɜ ɩɭɡɵɪɶɤɚɯ. Ɂɚɤɨɧ ɫɨɯɪɚɧɟɧɢɹ ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɟɞɢɧɢɱɧɨɦ ɨɛɴɟɦɟ ɠɢɞɤɨɫɬɢ ɜ ɩɪɟɞɫɬɚɜɥɟɧɢɢ
(7) ɢɦɟɟɬ ɜɢɞ:
( )1 LbN N n t const⋅ + ⋅ = . (21) 
Ɍɨɝɞɚ ɢɡ (21), ɫ ɭɱɟɬɨɦ ( )Ln t const= , ɫɥɟɞɭɟɬ, ɱɬɨ 7,5μ = ɢ ɞɢɧɚɦɢɤɚ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɜɨɞɟ
ɩɨɩɚɞɚɟɬ ɜ ɞɢɚɩɚɡɨɧ 3, ɜ ɤɨɬɨɪɨɦ ɫɪɟɞɧɟɟ ɤɨɥɢɱɟɫɬɜɨ ɩɭɡɵɪɶɤɨɜ ɭɦɟɧɶɲɚɟɬɫɹ, ɚ ɫɪɟɞɧɟɟ ɱɢɫɥɨ ɚɬɨɦɨɜ ɜ ɧɢɯ
ɜɨɡɪɚɫɬɚɟɬ ɡɚ ɫɱɟɬ ɩɨɝɥɨɳɟɧɢɹ ɚɬɨɦɨɜ ɝɚɡɚ, ɪɚɫɬɜɨɪɟɧɧɵɯ ɜ ɠɢɞɤɨɫɬɢ.
ȼɕȼɈȾɕ
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɜ ɪɚɛɨɬɟ ɢɫɫɥɟɞɨɜɚɧɵ ɫɬɚɰɢɨɧɚɪɧɵɟ ɫɨɫɬɨɹɧɢɹ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɠɢɞɤɨɫɬɢ ɢ ɢɯ
ɚɜɬɨɦɨɞɟɥɶɧɚɹ ɞɢɧɚɦɢɤɚ ɩɪɢ ɭɦɟɧɶɲɟɧɢɢ ɜɧɟɲɧɟɝɨ ɞɚɜɥɟɧɢɹ.
ɍɱɬɟɧɵ ɤɨɧɜɟɤɬɢɜɧɵɟ ɫɥɚɝɚɟɦɵɟ ɜ ɭɪɚɜɧɟɧɢɢ ɞɢɮɮɭɡɢɢ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ɪɚɡɦɟɪɨɜ,
ɤɨɬɨɪɵɟ ɩɪɟɨɛɪɚɡɭɸɬ ɟɝɨ ɜ ɞɢɜɟɪɝɟɧɬɧɭɸ ɮɨɪɦɭ ɫ ɞɨɛɚɜɥɟɧɢɟɦ ɫɥɚɝɚɟɦɨɝɨ, ɩɪɨɩɨɪɰɢɨɧɚɥɶɧɨɝɨ ɮɭɧɤɰɢɢ
ɪɚɫɩɪɟɞɟɥɟɧɢɹ ɩɭɡɵɪɶɤɨɜ ɜ ɠɢɞɤɨɫɬɢ.
ɂɫɫɥɟɞɨɜɚɧɵ ɭɫɥɨɜɢɹ ɫɭɳɟɫɬɜɨɜɚɧɢɹ ɢ ɩɚɪɚɦɟɬɪɵ ɫɬɚɰɢɨɧɚɪɧɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɠɢɞɤɨɫɬɢ ɩɪɢ ɪɚɡɥɢɱɧɵɯ
ɪɟɠɢɦɚɯ ɢɡɦɟɧɟɧɢɹ ɜɨ ɜɪɟɦɟɧɢ ɢɯ ɨɛɴɟɦɚ ɢ ɤɨɥɢɱɟɫɬɜɚ ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɧɢɯ. ɉɨɫɬɪɨɟɧɚ ɤɪɢɜɚɹ ɡɚɜɢɫɢɦɨɫɬɢ
ɨɛɴɟɦɚ ɪɚɜɧɨɜɟɫɧɨɝɨ ɝɚɡɨɜɨɝɨ ɩɭɡɵɪɶɤɚ ɨɬ ɤɨɥɢɱɟɫɬɜɚ ɚɬɨɦɨɜ ɝɚɡɚ ɜ ɧɟɦ.
ɉɨɥɭɱɟɧɨ ɯɨɪɨɲɟɟ ɤɨɥɢɱɟɫɬɜɟɧɧɨɟ ɫɨɨɬɜɟɬɫɬɜɢɟ ɬɟɨɪɟɬɢɱɟɫɤɢɯ ɪɚɫɱɟɬɨɜ ɯɚɪɚɤɬɟɪɧɵɯ ɪɚɡɦɟɪɨɜ ɝɚɡɨɜɵɯ
ɩɭɡɵɪɶɤɨɜ ɜ ɜɨɞɨɩɪɨɜɨɞɧɨɣ ɜɨɞɟ ɫ ɷɤɫɩɟɪɢɦɟɧɬɚɥɶɧɵɦɢ ɞɚɧɧɵɦɢ.
ɇɚ ɨɫɧɨɜɟ ɩɨɥɭɱɟɧɧɨɝɨ ɜ ɪɚɛɨɬɟ ɭɪɚɜɧɟɧɢɹ ɞɢɮɮɭɡɢɢ ɝɚɡɨɜɵɯ ɩɭɡɵɪɶɤɨɜ ɜ ɠɢɞɤɨɫɬɢ ɨɩɢɫɚɧɚ ɢɯ
ɚɜɬɨɦɨɞɟɥɶɧɚɹ ɞɢɧɚɦɢɤɚ ɩɪɢ ɭɦɟɧɶɲɟɧɢɢ ɜɧɟɲɧɟɝɨ ɞɚɜɥɟɧɢɹ. ɋɞɟɥɚɧ ɜɵɜɨɞ ɨ ɬɨɦ, ɱɬɨ ɩɪɢ ɭɦɟɧɶɲɟɧɢɢ ɜɨ
ɜɪɟɦɟɧɢ ɩɨ ɫɬɟɩɟɧɧɨɦɭ ɡɚɤɨɧɭ ɜɧɟɲɧɟɝɨ ɞɚɜɥɟɧɢɹ ɫɪɟɞɧɟɟ ɤɨɥɢɱɟɫɬɜɨ ɩɭɡɵɪɶɤɨɜ ɚɜɬɨɦɨɞɟɥɶɧɨ ɭɦɟɧɶɲɚɟɬɫɹ, ɚ
ɫɪɟɞɧɟɟ ɱɢɫɥɨ ɚɬɨɦɨɜ ɜ ɧɢɯ ɜɨɡɪɚɫɬɚɟɬ ɡɚ ɫɱɟɬ ɩɨɝɥɨɳɟɧɢɹ ɚɬɨɦɨɜ ɝɚɡɚ, ɪɚɫɬɜɨɪɟɧɧɨɝɨ ɜ ɠɢɞɤɨɫɬɢ.
Ⱥɜɬɨɪɵ ɜɵɪɚɠɚɸɬ ɛɥɚɝɨɞɚɪɧɨɫɬɶ ɋɥɟɡɨɜɭ ȼ.ȼ. ɡɚ ɰɟɧɧɵɟ ɡɚɦɟɱɚɧɢɹ ɢ ɢɧɬɟɪɟɫ ɤ ɪɚɛɨɬɟ.
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